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Ieri vi avevo parlato di Ramananujan: adesso faccio parlare lui ...
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∞∑
n=0
(
2n
n
)(
3n
n
)(
6n
3n
)
10177 + 261702n
(−52803)n =
8802
√
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Section’s Theorem
Let A ⊂ R2 measurable. Then if x ∈ R, section Ax is a.e. measurable.
Moreover x 7→ m(Ax) is a measurable function and
m(A) =
∫
R
m(Ax)dx
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Area del cerchio A = {(x, y) | x2 + y2 ≤ 1}
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[−√1− x2,√1− x2] =⇒ m(A) = ∫ 1
−1
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quindi
m(A) = 2
∫ 1
−1
√
1− x2dx = 4
∫ 1
0
√
1− x2dx = 4pi
4
= pi
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Teorema di Fubini G. Fubini: “Il teorema di riduzione per gli inte-
grali doppi” Rend. Sem. Mat. Torino, vo1.9, 1949.
Sia A ⊂ R2 misurabile e sia f ∈ L(A). Sia S il sottoinsieme di R dove
le y-sezioni di A hanno misura positiva
S = {x ∈ R | m(Ax) > 0}
Allora ∫
A
f(x, y)dxdy =
∫
S
(∫
Ax
f(x, y)dy
)
dx
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Example. If A =
{
(x, y) ∈ R2 | 0 ≤ x ≤ 1, x2 ≤ y ≤ x+ 1} evalu-
ate: ∫∫
A
xy dx dy
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∫∫
A
xy dx dy =
∫ 1
0
(∫ 1+x
x2
xydy
)
dx
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A
xy dx dy =
∫ 1
0
(∫ 1+x
x2
xydy
)
dx =
∫ 1
0
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y2
2
]1+x
x2
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A
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1
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∫ 1
0
(−x5 + x3 + 2x2 + x) dx = 5
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Example
Given A =
{
(x, y) ∈ R2 | y ≥ 0, y ≤ −x+ 3, y ≤ 2x+ 3} . Evaluate:∫∫
A
y dx dy
Integration domain: triangle with vertices in (−32 , 0), (3, 0), (0, 3).
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We first integrate in x and then in y :
∫ 3
0
(∫ 3−y
y−3
2
y dx
)
dy
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We first integrate in x and then in y :
∫ 3
0
(∫ 3−y
y−3
2
y dx
)
dy =
∫ 3
0
(
9
2
y − 3
2
y2
)
dy =
27
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Two integers a and b are said to be coprime if the only positive integer
that evenly divides both of them is 1. This is the same thing as their
greatest common divisor gdc(a, b) = 1.
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Theorem (E. Cesa`ro 1881) The probability that two randomly chosen
numbers are coprime is given by a product over all primes:∏
p∈P
(
1− 1
p2
)
=
1
∞∑
n=1
1
n2
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G.H. Hardy; E. M. Wright (2008). An Introduction to the Theory of
Numbers (6th ed.) Oxford University Press, theorem 332.
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Theorem (L. Euler)
∞∑
n=1
1
n2
=
pi2
6
Proof. (D. Ritelli: to appear on American Mathematical Monthly
mid 2013)
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∞∑
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1
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Proof. (D. Ritelli: to appear on American Mathematical Monthly
mid 2013)
Let A = [0,∞)× [0,∞) consider∫∫
A
dxdy
(1 + y)(1 + x2y)
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First integrate with respect to x and then with respect to y finding∫∫
A
dxdy
(1 + y)(1 + x2y)
=
∫ ∞
0
(
1
1 + y
∫ ∞
0
dx
1 + x2y
)
dy
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∫ ∞
0
dy√
y(1 + y)
=
pi
2
∫ ∞
0
2u
u(1 + u2)
du =
pi2
2
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Then we proceed reverting the order of integration:∫∫
A
dxdy
(1 + y)(1 + x2y)
=
∫ ∞
0
(∫ ∞
0
dy
(1 + y)(1 + x2y)
)
dx
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Hence, equating we get ∫ ∞
0
lnx
x2 − 1dx =
pi2
4
. (a)
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Now split the integration domain in (a) between [0, 1] and [1,∞) and
change the variable x = 1/u in the second integral, so that∫ ∞
0
lnx
x2 − 1dx =
∫ 1
0
lnx
x2 − 1dx+
∫ ∞
1
lnx
x2 − 1dx
=
∫ 1
0
lnx
x2 − 1dx+
∫ 1
0
lnu
u2 − 1du.
(b)
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From (a) and (b) we get ∫ 1
0
lnx
x2 − 1dx =
pi2
8
. (c)
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But we have already shown that∫ 1
0
lnx
x2 − 1dx =
+∞∑
n=0
1
(2n+ 1)2
(d)
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But we have already shown that∫ 1
0
lnx
x2 − 1dx =
+∞∑
n=0
1
(2n+ 1)2
(d)
Hence from (c) and (d) follows
+∞∑
n=0
1
(2n+ 1)2
=
pi2
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To get Euler’s statement define E =
+∞∑
n=1
1
n2
and split the series in
considering even and odd indexes:
∞∑
n=1
1
(2n)2
+
∞∑
n=0
1
(2n+ 1)2
= E
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6
Euler 1735: Basel Problem
